Proof that ix = cos (/2 x + i sin (/2 x = e(/2 ix
ab+ic = (eln a)b+ic = e(ln a)(b + ic) = eb ln a + ic ln a = eb ln a eic ln a = (eln a)b eic ln a = ab eic ln a = ab ei(c ln a)

= ab (cos c ln a + i sin c ln a)

The last step above is by Euler's relation ei( = cos ( + i sin (.

ab+ic = ab (cos c ln a + i sin c ln a)

let a = i, b = 0, c = -ix

ab+ic = i0 + i(-ix) = ix

ix = ab (cos c ln a + i sin c ln a)

ix = i0 (cos -ix ln i + i sin -ix ln i)

ix = cos -ix ln i + i sin -ix ln i

Lemma: ln i = (/2 i


ln i = y


i = ey

i = 0 + i(1) = cos (/2 + i sin (/2 = ei (/2

y = i (/2


ln i = i (/2
ix = cos -ix ln i + i sin -ix ln i

ix = cos -ix (/2 i + i sin -ix (/2 i

ix = cos -i2 x (/2 + i sin -i2 x (/2
ix = cos (/2 x + i sin (/2 x

Finally, by Euler's relation again...

ix = cos (/2 x + i sin (/2 x = e(/2 ix
Of course, since ex over RxiR is cyclic with period 2(,

ix = cos (/2 x + i sin (/2 x = e(/2 ix + 2(n for all integers n

Corallary

de Moivre's formula is (cos ( + i sin ()n = cos n( + i sin n( because ei(n = (ei()n.

Applying this to the formula for ix yields...

ix = (cos x + i sin x)(/2
Alternative, shorter proof of Barbalace's formula using de Moivre's formula

i1 = (cos (/2 + i sin (/2)1 = ei(/2
ix = (cos (/2 + i sin (/2)x = (ei(/2)x = e(/2 ix
ix = cos (/2 x + i sin (/2  x = e(/2 ix
Examples

All examples use principle values.  Whenever an answer has the form ex, all solutions are represented by ex + 2(n for all integers n.

Integer powers of i

i0 = cos (/2 0 + i sin (/2 0 = e(/2 i0

i0 = cos 0 + i sin 0 = e0

i0 = 1
i1 = cos (/2 1 + i sin (/2 1 = e(/2 i1

i1 = cos (/2 + i sin (/2 = e(/2 i
i1 = i
i2 = cos (/2 2 + i sin (/2 2 = e(/2 i2

i2 = cos ( + i sin ( = e( i
i2 = -1
i3 = cos (/2 3 + i sin (/2 3 = e(/2 i3

i3 = cos 3(/2 + i sin 3(/2 = e3(/2 i
i3 = -i

The pi-th root of -1

(-1)1/( = (i2) 1/( = i2/( = e(/2 i 2/( = ei = cos 1 + i sin 1

which is about 0.54030 + 0.84147 i

so (0.54030 + 0.84147 i)( = -1

The ith Power of -1

(-1)i = (i2)i = i2i = e(/2 i 2i = e(i^2 = e(-()

which is about 0.04321

The ith Root of -1

(-1)1/i = (i2)1/i = i2/i = e((/2 i) (2/i) = e(
which is about 23.14069

An alternative solution for the ith root of -1 based on Euler's relation is...

e(i + 1 = 0

e(i = -1

(e(i)1/i = (-1)1/i
e( = (-1)1/i
Square root of i

i1/2 = cos (/2 1/2 + i sin (/2 1/2 = e(/2 i (1/2)
i1/2 = cos (/4 + i sin (/4 = e(/4 i
i1/2 = 0.7071 + 0.7071 i

(i1/2)2 = (0.7071 + 0.7071 i)2 = 0.5 + 2(0.5i) + 0.5i2 = 0.5 + i - 0.5 = i

Graph of ix over R x R x iR
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